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SUMMARY

An gnalysis is derived for the three-dimensional boundary-layer
flow over a flat surface with a leading edge under main-flow streamlines
which are translates and representable by polynomial expressions. The
boundary layers are laminar and incompressible, and the profiles of
their velocity components have similarity with respect to rectangular
coordinates. Solutions are obtained for main-flow streamlines repre-
sentgble by polynomials up to the 11th order. Flow-visualization ex-
perimental checks for the theory are provided for several flow con-
figurations and for comparisons of the behavior of thick and thin
boundary layers.

INTRODUCTION

Many useful applications of the theory for laminar two-dimensionsl
boundary-layer flow have been made for estimating losses in turbo-
machines for design purposes. However, substantial portions of these
losses are known to derive from the effects of three-dimensional
turbulent-boundary-layer behavior. Secondary flows in turbomachines
(herein defined as boundary-layer flows having components normal to the
meinstream flows, which result from mainstream turning, and from radisl
force and pressure gradients), for example, give rise to boundary-
lgyer accumulations and significant losses in the blade end regions.
These secondary-flow phenomensa cannot be explained by extensions of the
two-dimensional boundary-layer theory. Consequently, the importance of
understanding the three-dimensional turbulent-boundary-layer behavior
has led to many experimental and theoretical investigations in recent
years. The experimental investigations of secondary flows (refs. 1 to
3) bave proved useful in interpreting and correlating flow measurements
taken in turbomachines under actusl operating conditions. Furthermore,
the results indicate that laminar-boundary-layer behavior can usefully
provide qualitative information concerning turbulent-boundary-layer
behavior. .

From a theoretical viewpoint, the importance of the practical ap-
plicability of laeminar-boundary-layer flow studies cannot be exaggerated.
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Turbomachine boundary layers are quite generally turbulent. Theoretical
three-dimensional boundary-layer investigations, however, are largely
confined to laminar-flow studies, because the nonlinear partial-
differential equations involved, while formidable for the laminar case,
are practically unsolvable for the turbulent case. Thus, it is fortu-
nate that the results of laminar investigations qualitatively retain
practical significance for turbomachine research.

A well-known secondary-flow manifestation is the cross-channel
flow of the end-wall boundary layers in turbomachines (refs. 1 to 3)
due to the pressure gradients -developed by the mainstream turning. In
these references, the cross-channel-flow streamlines approach a limit-
ing position at the wall. This cannot be accounted for by nonviscous-
flow theories. Consequently, the more complicated viscous boundary-
layer theory must be employed for these secondary flows. References 4
to 7 analyze the laminar-boundary-layer cross flow developments over a
surface having a leading edge. In references 5 and 6 exact solutions
are obtained for cases of main streamlines consisting of parabolic-
shaped translates (i.e., the entire streamline pattern cen be obtained
by translating a parebolic-shaped streamline in a direction parallel to
the leading edge) with no restrictions on the turning. In references
4 and 7 approximate solutions are obtained for more general main stream-
line shapes, restricted to regions of small turning.

Likewise assuming laminar main streamline translates, this report
extends these analyses and obtains exact solutions for general stream-
line paths without restrictions to regions of small turning. Tables of
special functions of the Blasius similarity parameter required for com-
puting such boundary-layer crossflows are presented. It is shown that
some of the results of the small perturbation analysis of reference 7
need not be restricted to regions of small turning. The streamline
paths at various positions in the boundary layer are presented for thick
and thin boundary layers. Certain interesting examples of cross-channel
flows are computed. For scme of these, cross-channel effects are ob-
served experimentally by means of smoke-flow-visualization procedures
and campared with the theoretical predictions.

This work was done at the NACA Lewis laboratory during the summer
of 1955.

ANATYSTS
The equations for determining the steady incompressible laminar-

boundary-layer flow over a surface with coordinate axes oriented as in
figure 1 are

3887
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(All symbols are defined in appendix A.) The boundary conditions for
the system of equations are

u=v=w=20 for y =0
lim u =TU

N

lim w=W

y-+.:

The present investigation is concerned with two-dimensional main-
stream flows, which exhibit no variation in velocity components in the
z-direction. Such flows are characterized by the fact-that their
sreamlines form a system of "translates." That is, the entire stream-
line pattern can be obtained by translating any particular streamline
parallel to the leading edge of the surface (fig. 2). This uniformity
of flow will be reflected in the boundary-layer behavior, and it fol-
lows that the boundary-layer velocities will likewise have no variation
in the z-direction. Using these facts and expressing the right side of
equations (la) and (1b) in terms of the mainstream velocity components
result in

2
a§+v%$—v§;%=l.)§-g (2a)

2
ug_‘;+vg‘—;—vgy—g=1§¥ (Zb)
%1+%§-=0 (2¢)

From the general class of mainstream flows described, solutions are
obtained for W = W; in equations (2a) and (2b) for mainstream flows de-

fined by equations (3) and (4),
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U= Ua (a constant) (3)
W = agxt (4)

The condition U = Up 1is considered a reasonable approximation for

most turbomachine configurations. An exact solution, however, for
W = ax 1is presented in references 5 and 6. Substitution of equations

(3) and (4) into (2a) and (2b) yields

u , du_ ¥ _ (58)
BSx VS; ayz -

dw . dw 9% ie1
et oy " o2 Uyiax (5b)
Examination of equations (5a) and (2c) and the boundary conditions
reveals that these equations are identical to the boundary-layer equa-
tions for flow over a flat surface in a uniform stream. The solution

of these equations is the well-known Blasius solution

u = UbF’(n) (6)

T
v=%,\l\:—°(n1?' - F) (7)
1 = y.s/g—]% (8)

and F is the Blasius function (tsbulated in table I).

where

In equation {6) the crossflow boundary-layer velocity camponent in
the x-direction is expressed as a function of the parsmeter 1. The
boundary-layer velocity ccamponent in the z-direction can be expressed
similarly. Thus, the function P;(n) is sought such that

w = W;P;(n) (9)
Substituting equations (6), (7), and (9) into (5b) and simplifying
yield ‘
FP{

P{ +— - iF'P; +1 =0 , (10)
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The boundary conditions are

7, (0) =

!
o)

Il
=

lim P;(n)

n e

Equation (10) is a total-differential equation for the function P;(n).

As F and F' are known in tabulated form (table I), a solution for
P;(n) may be obtained through application of numerical analysis (ap-

pendix B). The values of the Pi(n) and Pi(n) functions (i = 1 to 10)
are tabulated in table II. Values of P;(n) are plotted in figure 3(a).
It should be noted that Po(n) equals F'(q).

The preceding results can be generalized at once. Assume that the
mainstream velocity component W is given by

m
W=2Wi. (11)
i=0
where
Wj.:a'i}ci
It may be verified by substitution that if wy; denotes that solution
m m
of equation (5b) as expressed by equation (9), then w = Z: Wi = z:: WPy
i=0 i=0

along with equations (6) and (7) constitutes the solution of equations (2)
for the mainstream flow defined by equations (3) and (11). Thus for
U = Uy, a solution for the boundary-layer flow can be obtained for any

mein streamline shape which can be reasonably approximated by a
polyncmial.

Results similar to those given can be deduced from the analysis
presented in reference 7. However, this particular analysis is of the
small-perturbation type and assumes small total turning of the main-
stream flow (i.e., W<<Uy). It can be seen now that this restriction

is unnecessary.

Main-Flow Streamlines

The streamlines of the main flow can be obtained from the relation
between streamline slope and velocity components
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dz W _i=0
o = g " iy ' (12)
From equation (12),
a*xo g atl
z = constant +a6x+ S (13)
2 m+ 1
where
ay
* _ _—
&y U

As the coefficients in equation (13) are arbitrary, a variety of
streamline shapes can be constructed by the proper choice of a;. A
particular shape (e.g., the contour of a channel wall) may be approxi-
mated by constructing an approximating polynomial according to usual
numerical procedures. In this respect, the class of flows becomes a
useful tool in investigating the influence of various streamline con-
Tigurations on boundary-layer behavior.

Boundary-Iayer Streamlines
The projection of a boundary-layer streamline in a plane normal to

the leading edge of the surface (i.e., parallel to the x,y-plane) may be
obtained from the relation along the streamline

1 [YUo
& _v_2Nx (o
dx_u"' U, 1 (T]F F) (14)
Along a streamline Yy is a function of x; hence along a stream-
U
line 1 i1s a function of x only. By differentiating n =Yy ;% and
cambining with equation (14) to eliminate dy/dx,'there results a simple
total-differential equation a
p-3
x F

1L88¢g

L3



L88%

NACA TN 3651 7

Thus, along a given streamline in the boundary layer,

__ kK
[F(n)]°

By specifying the initial values x; and 1, F(ng) can be ob-

tained from teble I, and the value of the constant stream function K
can be calculated. For this value of K, F(q) hence 1 and P;(n) cen

be obtained from the {tables for all values of x a&along the streamline.

x (16)

With a correspondence esteblished between x and 1 for all
points along the streamline, y can be computed fram y = 7 %ﬁ. Thus,
. 0
the projection of the streamline in the x,y-plane, normal to the sur-
face, is easily obtained from the tables.

The projection of a boundary-leyer streamline in a plane parallel
to the surface can be obtained from the relation

m m.
dz W WiPi(ﬂ) _ *
Loy ) T S = ) elday () (17)
i=0 i=0
where
P.
i

The values of J;(7n) are tabulated in table III. With a correspondence

established between x and 17 along a streamline by equation (16),
the right side of equation (17) is expressible as a function of x
alone; and it follows that

m Nx
z = Z:‘Jﬁ a{xiJi(n)dx + 2 (18)
f=6Jxy

Numerical integration of equation (18) will then yield the shape
of the streamline projection in the plane parallel to the surface. The
actual three-dimensional boundary-layer streamline paths are then de-
termined from a combination of the two projected views. The boundary-
layer velocity camponents wu, v, and w are computed directly from
equations (6), (7), and (9).
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In experimental studies of three-dimensional boundary flows over
flat surfaces, it is evident that the boundary-layer streamlines near
the surface approach a limiting shape (ref. 2). Theoretical determina-
tion of this "limiting streamline" is possible for the present problem
by evaluating equation (17) at y = 0. This yields

%ﬁ = g;g afx175 (0) (19)

Therefore, by direct integration of equation (19), the following
equation of the limiting streamlines (dependent only on the gecmetry of
the mainstream flow) results

0 a::ix(i+1)
n=0 i+ 1

J;(0) + zq (20)

Z

P, (0)
-9 ' '
The value Ji(O) = i;TET =g cen be determined by use of L'Hospital's

rule

P;(n) _ P}(0)
1]—;0 F! (1]) F"(O)

The PJ(0) values are obtained (see table II) during the numerical solu-
tions of eguation (10). The guantity F"(0) is 0.33206 (ref. 8).

By inspection of equation (20), the shape of the limiting-deflection
boundary-layer streamline is seen independent of the inlet velocity Ug.

The other boundary-laeyer streamlines are functions of 1 (eq. (18)) and
thus are not independent of UO‘

Normal and Tangential Velocity Components

In order to obtain a better physical picture of boundary-layer flow
in relation to mainstream flow, it is often desirable to resolve
boundary-layer velocities into components tangent and normal to the
mainstream flow direction. Denoting the tengential component by +
and the normal camponent by n, it can be shown (appendix C) that

m
G T L v (21) .
Lo t* =T 4 Wt (22)

3887
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where

and * denotes division by Ugp. The function H is tabulated in table
IV and plotted in figure 3(b).

RESULTS AND DISCUSSION
Calculation of Functions

Solutions of equation (10) for various values of i _have been
presented in several publications. Refereénces 5-and 6 present solu~ -
tions for i =1 with a tebular listing of the functional values given
in the latter reference. Reference 7 contains solutions for 1 = 0, 1,
2, 3, 4, and —1/2 in graphical form. In the present report, negative
values of the exponent 1 have not been investigated, because they re-
gquire infinite velocities at the leading edge of the surface. Where
i=0,Py=F'.

In the present investigation, solutions of equation (10) were ob-
tained for integral values of 1 ranging from O to 10. The results
(values of Pi(n) and Pi(n)) are presented in tabular form (table II)

and P;(n) in graphical form (fig. 3). A description of the method for
numerical solutions of equetion (lO) is provided in appendix B.

Flow With Circular-Arc Streamlines

As an application of the theory, the boundary-lasyer development for
a flow with circular-arc streamlines was investigated. The specific
flow region analyzed is restricted to that shown in figure 4. As seen
in the figure, the flow is normal to the leading edge of the surface
and crosses the downstream boundary of the region at 45°,

Polynomial approximation. - The equation of the family of circular
arcs depicted in figure 4 is )

z=c- (1 - xz)l/z . (23)

where c¢ 1s an arbitrary constant, and 0 S x S Aé_z—_-. By series expan-

sion, equation (23) is expressible as
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2 4 6
X X X
Z-—C—l+?+—8—+1-g+...
2 4 6
_ X X X
=2y +S +FEgt .- (24)

where 23 =c - 1. By selecting tﬁe first four terms of equation (24),
the polynomial )

2 4 6
z=zo+%+%+3{-§ (25)

is obtained. This polynomiel then serves as an approximation to the
streamlines of the main flow and is used to apply the theory to the de-
termination of the boundary-layer characteristics.

Boundary-layer streamlines. - Streamlines in the boundary layer are
obtained from simultaneous solution of equations (16) and (18) pre-
viously described. In the present example, three representative stream-

lines were camputed beginning at the position x = 0.05, and at positions -

corresponding, respectively, to 1/4, 1/2, and 3/4 of the boundary-layer
thickness. The initial value of x was chosen at 0.05 instead of at
the surface leading edge because of the singularity in the flow equa-
tions at x = O. From table IT gnd figure Z 1t is seen that a value of
1 which reasonsbly defines the "outer edge” of the boundary layer is
6.4. Accordingly, the values 1 = 1.6, 3.2, and 4.8 respectively cor-
respond to positions at 1/4, 1/2, and 3/4 of the boundary-layer
thickness.

A plot of these streamlines including the limiting boundary-liasyer
streamline determined from equation (20) is glven in figure 5. These
streamline paths are similar in form to the boundary-layer overturning
on the end walls of the circular-arc sheet-metal cascades (as visualized
and presented in ref. 1) before passage vortex roll-up occurs.

Velocity profiles. - The profiles of the velocity components n¥*
and t* at x = 0.2, 0.4, and 0.6 are presented in figure 6. It is in-
teresting to note that the n* profiles have maximum values for
1 < 1.3, that is, in the lower fifth of the boundary lsyer. An examina-
tion of the curves for H; (fig. 3(b)) and equation (21) indicates that,

in genergl, if the coefficilents in the polynomial approximation of the
flow streamlines Wi = a}xi are positive, then n* will always have a

meximum value for 1 <1.3 (ef. ref. 4). This can be directly associasted
with the discussion on vorticities of the cross-channel boundary-layer
flow in blade rows (ref. 3). In this reference, the cross-channel
"double" boundary-lasyer flow is considered as divided into two reglons.

2ARRT
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In the region near the wall, n* rises from zero at the wall to some
maximum value in the sublayer of the boundary layer. In the upper
boundary-layer region, n* declines from this maximm value to zero at
the mainstream. These two distributions of velocity may be associated
with vorticities of opposite signs in the two parts of the boundary
layer. It is further hypothesized that such vorticities generate the
actual flow vortices observed in blade passages (ref. 3). However,
visualization studies in various blade passages generally indicate only
simple passage-flow vortices. Usually there is either no evidence at
all of the formation of a flow vortex fram boundary-layer crossflow in
the sublayer adjacent to the wall or at best a formation that is small
and poorly defined. It is therefore conjectured that the narrowness of
the boundary-layer sublayer and the large viscous forces in that region
tend to prevent the sizable roll-up characteristic of vortex formation
in the upper boundary-layer region. The position of the maximum value
of n* in figure 6 and the shape of the H; curves (fig. 3(b)) both

substantiate this conjecture.

Overturning in Thick and Thin Boundsry lLayers for 60° Bends

In a theoretical and experimental investigation, a comparison was
made between the overturning of a relatively thick and a thin boundary
layer for 60° mainstreem turning.

Theoretical comparisons of overturning. - A theoretical comparison
of thick~ and thin-boundary-layer overturning was made by determining
the overturning of the boundary layer near the surface for two mainstream
flows (consisting of streamline translates described by eq. (13)).

The flow field whose main-flow streamlines are represented in the
thick-boundary-layer case by
K6 0<x<1 (26)
Z2 =" X + 29 <x <
is shown in figure 7. The value k* is taken equal to q/g for 60°
mainstream turning. The boundary-layer development in the long nearly

straight inlet section provides a thick boundary layer at x = 0.5, the
region where appreciable turning begins.

In the thin-boundary-layer case, with streamlines represented by

k* 6
_z=?(x+0.5) + 24 0<x<0.5 (27)
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in figure 8, the appreciable turning begins right at the leading edge
with no chance for prior boundary-layer build-up. The turning sections
for the two cases are identical. The boundary-layer streamlines are
presented in figures 9 and 10.

The thicker boundary layer (figs. 7 and 9) overturns more rapidly
than the thinner boundary layer (figs. 8 and 10). Physically, it would
be expected that thicker boundary layers with lower viscous shear forces
would have sharper cross-channel overturning than thinner boundary lay-
ers with correspondingly higher viscous shear forces. The theoretical
results agree with expectations. Comparable results were obtained in
experiments (ref. 3) in turbine nozzle blade configurations. The re-
sults of reference 2 demonstrate the larger response of thicker tur-
bine blade boundary layers to radial pressure gradients than thin blade
boundary layers. The fundamental question remains as to whether or not
the theory presented herein has any immediate demonstrable application
t0o actual flow behavior other than in a purely general sense. This
problem was investigated experimentally by means of flow visualization.

Experimental comparison of overturning. - The main flow, which is
a system of streamline translates, can be considered as the flow through
a two-dimensional cascade of a large number of very thin blades having
the main streamline shape with vanishingly small blade spacing. As in
axisymmetric flow theories, the blades supply the required force field
(egs. (1)) for the prescribed flow turning. For such channels with very
small spacing, the turning is very close to the streamline-translates
turning. Thus, an ideal one-dimensional analysis indicates that, on the
basis of continuity and turning considerations, the flow velocities
should spproximate the theoretical translate flow velocities quite
closely.

An experimental investigation was made to determine if the theory
provides a reasonable approximation to the boundary-layer overturning
in a channel with spacing more nearly comparable to that found in tur-
bomachine configurations. The experimental determination and comparison
of thick- and thin-boundary-layer overturning was made by means of
smoke-flow visualization (apparatus and procedures described in ref. 1)
in two-dimensional rectangular bends with channel shapes the same as
the previously described main streamlines.

With a maximum Reynolds number of about 6X104, the flow for these
tests was well within the laminar range. Figure 11 shows the mainstream-
flow paths traced by means of smoke. As expected, boundary-layer accumu-
lations near the suction surface cause the mainstream to deviate somewhat
from the desired streamline shape. Nevertheless, by keeping the solidity
of the turning section high (approx. 2.0), sufficient mainstresm guidance
is provided to maintain the mean streamiine close to the desired shape.

3887
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The overturning of ¢the end-wall boundary layers as visualized by
means of smoke for both the thick and thin boundary layers is shown in
figures 12(a) and (b), respectively. The smoke was introduced through
static taps at the inlet to the turning sections of the bends. Because
of the obvious difficulties in accurately locating streemlines -at var-
ious heights within the boundary layer, attention was devoted mainly to
obtaining the limiting line (n = 0) of the flow along the end wall. The
experimental cross-chennel limiting deflection (fig. 12) corresponds
closely to the theoretical predictions, except near the region of
boundary-layer accumulation at the suction surface.

Because the smoke traces always appear faint in overhead photo-
graphic shots (see ref. 1), the pictures of the thin boundary leyer pre-
gented in figure 13 were taken looking upstream and can be compared with
a simultesneous overhead photograph. The photographs indicate that, in
the region near the wall, the theory predicts overturning very
satisfactorily.

Boundary-layer velocity profiles. - The velocity profiles of n*
and 1t* for the thick and the thin boundary layers are presented in
figures 14 and 15, respectively. The values are plotted at equally
spaced intervals of x within the turning sections of the bends and at
corresponding locations (i.e., at x = 0.5, 0.6, 0.7, 0.8, 0.9, and 1.0
for the thick-boundary-layer case and at x = 0.1, 0.2, 0.3, 0.4, and
0.5 for the thin-boundary-layer case). The n* and the t* profiles
pesk at lower 1 values for the thick than for the thin boundary layer.
For the thick boundary layer (fig. 14), n* becomes larger than 1 at
stations far from the leading edge.(x = 0.9 and 1.0), indicating that
the component of the boundary velocity normal to the mainstream-flow
direction has become larger than the inlet velocity Ug. For both

thick and thin boundary layers (a sizable portion of the boundary 1ayer),
the tangential edmponent t* at sufficiently large x actually becomes
greater than the local mainstream velocity. This is illustrated by the
+* profiles which overshoot and then approach the mainstream T*

values from above.

This theoretical result, likewise observed in reference 5, may be
explained as follows: For flows such as are considered herein

m
W= E aixi

i=0

it cen be seen from equation (1b) and by substitution of W; into equa-
tion (2b) to obtain
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that there is a gradient of the external force field and the static
pressure in the z-direction. With Up constant everywhere along the
leading edge, there then exists a total-pressure and energy veriation
along the leading edge. By convection, the more-than-mainstream turn-
ing (overturning) of the boundary layer transports boundary-layer ma-
terial from a regicn of high total energy into regions of lower main-
stream total energy. For sufficient overturning and large enough energy
gradients at the inlet, it is possible for regions to exist in which the
boundary layer has a higher total energy than the locel mainstream does.
Because the boundary layer is assumed to have the same static pressure
as the mainstream, the boundary-layer velocities must exceed the local
mainstream velocities, as illustrated in figure 14. ZFor flows with main
streamline translates where the boundary-layer velocity exceeds the local
mainstream velocity at some axial distance x fram the leading edge,
the boundary-layer velocities exceed the local mainstream velocities
everywhere downstream of that axial location.

CONCLUDING REMARKS

Experimental verification of boundary-layer overturning for flows
in a bend was obtained in this investigation for the laminar-boundary-
layer behavior as predicted by a theory based on similarity considera-
tions and mgin streamline translates. A main streamline through the
bend conforms quite closely to the desired flow path. Actually with the
great range of possible flow paths describable by an 11th degree poly-
nomial, the requirement of main streamline translates (corresponding to
the assumption of axial symmetry in turbomachine design) is not very re-
strictive. The close agreement obtained between theoretical and experi-
mental boundary-layer overturning indicates that the theoretical assump-
tions can be considered to be reasonable for this laminar-cross-channel-
flow theory. In addition, experimental investigations similarly
conducted on other configurations very much like these have provided
qualitatively correct information concerning the turbulent-boundary-layer
(overturning) behavior for flows at operational speeds in turbomachine
configurations. These results indicate that the laminar-boundary-layer
theory may provide qualitative informastion concerning turbulent-boundsry-
layer behavior.

It is interesting to note that while the theoretical development is
based on boundary-layer velocity-profile similarity in the x- and z-
directions, the velocity profiles in the z-direction are similar only
for g flow described by

3887
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U = U, (3)
W = agxt (4)
For a flow in which
m
W= 23 aixi
i=0

the profiles of the boundary-layer velocity component, while congruent
in the z-direction, are different for every x:

W= W, = W.P, = a.x P
=0 * i TT {5 T H

For the flows considered in this report, the profiles of the
boundary-layer velocity components in the x-direction are all similar
and are related by the Blasius function

u = UgF' (n) (8)

and, thus, are identical to the profiles obtained for straight laminar
flow over a flat plate.

Lewls Flight Propulsion Iaboratory
National Advisory Committee for Aeronautics
Cleveland, Ohio, November 10, 1955
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APPENDIX A
SYMBOLS

constants, coefficients of polynomials in powers of x

constants, trial values chosen for Pi(O) in numerical
solutions

constant
Blasius function (table I)

function of 1, Hy(n) = P5(n) - F'(n) %f&ble Iv)

constant, 1 =0, 1, 2, ... m

P, (n)
function of 17, J;(n) = f%TﬁT (table III)

constant of integration for stream equation in x,y-plane

constant
constant

component of boundary-layer velocity normal to mainstream-flow
direction

m
function of 1, w= ) W;P; (n)
i=0

static pressure

indicated solution to related single-point boundary value
problem (appendix D)

JoZ + w2

component of boundary-layer velocity tangential to mainstream-
flow direction

mainstream velocity components in x- and z~directions,
respective;y .

3887
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Uo inlet velocity

u,v,w boundary velocity components in the x-, y-, and z-directions,
respectively

X,Z components of external force field in x- and z-directions,
respectively

X,¥,% rectangular coordinates

zQ constant

7 similarity variable, 7 = y«ﬁ?é

v coefficient of kinematic viscosity

P density

Subscripts:

i variable index, i =0, 1, 2, ... m

m constant

Superscripts:

i variable exponent, i =0,1l, 2, ... m

m constant

' differentiation with respect to 17

" differentiation with respéct to 1

*

denotes division by Ub
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APPENDIX B

CALCULATION OF FUNCTIONS

A linear second-order ordinary differential equation for P;(n)

|
Pf +—5= - iF'P; +1 =0 (10)

together with the boundary conditions
P, (0)

lim P, (n)

N>

Il
o

I
-

constitutes a two-point Boundary value problem, which may be solved
numerically by a method of repeated trials. This is essentially equiva-
lent to considering the system as two related single-point problems
with boundary conditions

p;(0) =0

1]
Q

T
P} (0)
where Cl and Cz are chosen constants.

With given C; and Cp, solutions S; and S, are obtained, as

will be described later in this section, and values are determined for
P;(n) at the outer edge of the boundary layer. Because equation (10)

is a linear differential equation, linear combinations of S; and Sy
can be made based on the values of Pi(n) obtained for 1 large and
the boundary condition

lim Py(q) =1

T]—)c:
Thus,

S =kS; + (1 - k)8,

where k 1is the appropriate constant, satisfies the differential
equation and the boundary conditions at all points. Because of errors
in rounding off, choosing

38g7
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Pi(o) = kC, + (1 - k)cz

will not in general be a boundary condition which willl give a satisfactory
solution, that is,

Pi(m) =1

Thus, further interpolations and trials may be required. In the present
problem for i =1, 2, 3, 4, a fourth trial was required; for higher
values of i, fifth and sixth trials were required.

The numerical inbegration procedures carried on an IBM Card-
Programmed Electronic Calculator consist of two phases (as described
in ref. 9), the starting phase and the extension phase. Briefly, in
the starting phase, a modified Picard's iteration method is used for
the calculation of the first four points, n = 0.05, 0.10, 0.15, and
0.20. With these as starting velues, successive Pi(n) values are com-

puted by forward integration. The forward integration is continued un-
til the values of Pi(n) become very large, positive or negative, and

thus diverge markedly from the required boundary condition

lim Pi(n) =1

1]-)00
In conformity with the findings of references 5, 7, and 8; n1 =28
was chosen as the outer edge of the boundary layer, and so the outer-
boundary condition

1im Pi(T]) = 1

1]—)00
becomes
P;(8) =1

The linear interpolations could then be based on the values of P;(8)

obtained by integration. The physical requirement that the boundary

layer merge smoothly into the main flow is equivalent to requiring
Pi(B) to equal O. Therefore, linear interpolation of the values of

Pi(B) obtained in the trial solutions may also be used to provide trial
values of P{(0).

Thege functions change rapidly in the range 0 <1 <3.0 (rig.
3(a)). Consequently, in this range the forward integration was carried
out numerically for intervals of 1 = 0.05 to ensure sufficient
accuracy. For values of 1 greater than 3.0, the numerical integrations
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were made for intervals of 7 = 0.10. The values of P;(n) (L = 1 to

10) are presented in table ITI. The suitability of this forward inte-
gration process was judged by comparing computations for Py =F' with

values obtained in established references (e.g., ref. 9). The values
were found to check to the five decimal places presented by those ref-
erences. For convenience, the values of F' are presented in table I
for the same intervals as the P functions.
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RESOLUTION OF BOUNDARY-LAYER VELOCITIES INTO COMPONENTS
NORMAL AND TANGENTIAL TO MATN-FLOW STREAMLINES

Let z = £(x) be the equation of a stremmline in the x,z-plane.

Then, from figure 16

where

The boundary-laeyer velocity components t and n are obtained

from the components

Substitution of equations (C2) and (C3) into (C4) and (C5) yields

APPENDIX C

sin9=ta.n9cose=.g:
T*

21

(c1)

(c2)

(c3)

u and W by means of the relations {see fig. 16)

t

n

ucos 6 +wsin 6

Wweos 8- u sin 8

wW* w4+ wW*

u
=gt gw = —pF

_ W - uW*
Ro=ToE

{ce)

(cs)

(cs)

(c7)
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Now equation (C7) can be written as

i=0
1 m . 1 m
=% ) afd(py -F) =55 ) WK (cs)
i=0 i=0
where
* _ _ %1
and
Hi = Pi - M

Equation (C6) can be expressed as

m
*
F' +W 261-1;191

* *
u* + w'W
CadE = = (c9)
Substitution of H; + F' for P; in equation (C9) yields
2 = X3 * . %
Frl+W)%+w*), WE F(T)24+w 2 W E
t*= i=0 = i=0 (ClO)
T* T
Finally, substituting equation (C8) into (ClO) gives
t* = F'T* 4+ Wrn* (c11)
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TABLE I. - VALUES OF F AND F'

1 B F 1 F! F 1 F! F
0 0 2.00 |0.62977 |0.65003 | 4.90 | 0.98981 | 3.18422
.05 | .01660| .00042 | 2.05 | .64300 | .68185 |5.00| .99154 |3.28329
.10 | .03321 | .00166|2.10 | -.65600 | .71432 |5.10 | .99201 | 3.38252
.15 | .04981| .00374 | 2.15 | .66877 | .74744 | 5.20| .99425 | 3.48188
.20 | .08641 | .00864 |2.20 | .6813L | .78120 [ 5.30| .99529 |3.58136
.25 | .08300| .01038|2.25 | .69361 | .81557 [5.40 | .99616 |3.68093
.30 | .09960 | .01494 | 2.30 | .70565 | .85055 [ 5.50 | .99688 | 3.78059
.35 | .11619| .02034 |[2.35 | .71745 | .88613 |5.60 | .99748 |3.88031
.40 | .13276'| .02656 |2.40 | .72898 | .92229 |5.70 | .99797 |3.98007
.45 | .14933 | .03361 [2.45 | .74026 | .95903 5.80 | .99838 |4.07990
.50 | .16589 | .04149 |2.50 | .75126 | .99632 |5.90 | .99871 |4.17975
.55 | .18242 | .05020 |2.55 | .76200 |1.03415 |6.00 | .99897 |4.27964
.60 | .19894 | .05973 |2.60 | .77246 |1.07251 [6.10 | .99919 |4.37955
.65 | .21543 | .07009 [2.65 | .78264 |1.11139 |6.20 [ .99936 |4.47947
.70 | .23189 | .08128 |2.70 | .79254 |1.15077 |6.30 | .99950 |4.57942
.75 | .24832 | .09328 [2.75 | .80217 |1.19064 |6.40 | .99961 |4.67937
.80 | .26471| .10611 |2.80 | .81151 [1.23098 |6.50 | .99970 |4.77933
.85 | .28106 | .11975 [ 2.85 | .82057 [1.27179 |6.60 | .99977 |4.87931
.90 | .29735 | .13421 |2.90 | .82934 |1.31304 |[6.70 | .99982 |4.97929
.95 | .31360 | .14949 |2.95 | .83784 |1.35472 [6.80 | .99986 |5.07928
1.00 | .32978 | .16557 |3.00 | .84605 |1.39682 |6.90 | .99990 |5.17927
1.05 | .34590 | .18246 [3.10 | .86162 |1.48221 |7.00 | .99992 |5.27926
1.10 | .36194 | .20016 |[3.20 | .87608 [1.56910 |7.10 | .99994 |5.37925
1.15 | .37790 | .21866 |3.30 | .88945 |1.65739 |7.20 | .99996 |5.47925
1.20 | .39378 | .23795 (3.40 | .90176 |1.74696 |7.30 | .99997 |5.57924
1.25 | .40956 | .25803 [3.50 | .91304 [1.83771 |7.40 | .99998 |5.67924
1.30 | .42524 | .27880 |3.60 | .92333 |1.92953 [7.50 | .99998 |5.77924
1.35 | .44081 | .30056 |[3.70 | .93267 |2.02234 {7.60 | .99999 |5.87924
1.40 | .45626 | .32298 |3.80 | .94112 |2.11604 |7.70 | .99999 |5.97924
1.45 | .47159 | .34618 |3.90 | .94872 |2.21053 |7.80 | .99999 |6.07924
1.50 | .48679 | .37014 |4.00 | .95552 |2.30576 |7.90 | .99999 |6.17923
1.55 | .50185 | .39486 |4.10 | .96158 |2.40162 |8.00 |1.00000 |6.27923
1.60 | .51676 | .42032 |4.20 | .96696 |2.49805 |8.10 |1.00000 |6.37923
1.65 | .53151 | .44653 |4.30 | .97170 |2.59499 |8.20 [1.00000 |6.47923
1.70 | .54610 | .47347 [4.40 | .97587 |2.69237 |8.30 |1.00000 (6.57923
1.75 | .56052 | .50114 [4.50 | .97951 |2.79015 |8.40 |1.00000 |6.67923
1.80 | .57476 | .52952 [4.60 | .98268 |2.88826 |8.50 |1.00000 |6.77923
1.85 | .58881 | .55861 |4.70 | .98543 [2.98667 [8.60 |1.00000 |6.87923
1.90 | .60267 | .58840 |4.80 | .98779 |3.08533 |8.70 |1.00000 |6.97923
1.95 | .61632 | .61887 8.80 [1.00000 |7.07923

o
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TABLE II. - VALUES OF P; AND 2

1
n| e |2 [ B (B [P |Ps |®2 [P | % | P10 ] P} ry P Py By ry ) Py o
o |o 0 0 0 o 0 o o 0 0 1.4180258[2.1971242  0.6879978] 5, 4501248| 3. 9p834487] 4. 50BER2EE| 4 . 58RA3L16| 5. 4480713] 5. 89121 36+ 6. 3171807
ool ot0l i107] azel L 1as | aes] 218 241 ] 282 265 303[1.388 2.097 2.708 3.280 3.748 4.208 4.839 5.060 5.442 5.618
10| i137] 10| .271| .E2s| .378| .21 .484] .GOE| . .582 [1.318 1,958 2.589 3.081 3.497 3.908 4.292 4.654 1.897 5.324
el J201| cso7| .mew| ci7s| .Bax| Leon| .s70| .728 .703| .036[1.288 1.888 2.411 2.8858 3.082 3.41B 3,950 4764  [4.559 1.838
‘20| .284| 400 .e12| .#11| .700| .78 | .888| .832|1.000(1.088[1.813 1.600 2.264 2.611 301 3,326 3.815 3.883 4152 4.385
ool .zes| .47 .e22| .738] .e4e| .941|1.032(1.118|1.207(2.075(1.270 1,708 2.120 B.470 2.728 5.045 3.290 3.513 5.716 2.908
xo| cmsi| im7o| .7Rd| .ase| .e77)1.ca7(1.166(1.a85|1.378(1.457[1.121 1.608 1.879 2.264 2.848 2.772 2.974 3.156 5.580 31.470
xe| oxxs| ceis| .e19| les7|i.0mell.zie|1.3ee(l.432(1.529|1.620(1.073 1.814 1.841 2.103 2,502 2.508 2.671 2.813 2.93¢ 3,081
'10| .488] J7E1| .eom|1.0es|i.210|1.538(1.458]1.605|1.867|1.762 [1.025 .481 1.708 1.827 2.108 2,285 2.380 %.488 2.877 2.088
46| .533| .760| .98c{1.180(1.310|1.444(1.68a]1.8a1(1.787|1.808] 078 1,331 1.578 1.787 1.800 2.01% 2.103 2.178 2.236 PR
0| .sas] .eB4f1.08e|1.244|1.400|1.539]1.608]1.7a5|1.890[2.901] .93 1.243 1.448 1.594 1.701 1.781 1.840 1.084 1.914 1.93%
es| cesi| .o14f1.138|1.300[1.4m0f1 62811, 782]1.070(|1.979/2.000 | .88E 1.167 1,328 1.437 1.612 1.502 1.593 1. 1.614 1.609
0| .e7e| .p70fr.19m|1.368|1.881 1. av8|1.e06 1. 044 2.050]2.182( (841 1.078 1.208 1.288 1.332 1.358 1.380 1.868 1.3 1.509
e8| .718|1.022|1.368{1.446|1.013[1.750|1.068a.00%|2,112{2.211| .797 .992 1.093 1.143 11e2 1180 1.143 1114 1.077 1.033
70| .754|1.089f1 %08 |1.50% |1 888[1.012|1.940 |2.088|2.180(2.28¢| .755 94 984 1.007 1.002 .918 941 TH 840 781
| Lrerfi.nas|i.zEd|1.eaelz714 |1 056 |1.002 @ 00812, 107[ 2,200 (711 .838 .880 .878 .a53 .08 754 .9 684 .583
0| .ez5|1.183|1.398|1.900[1.783(1.093[2.01¢ e, 128 |.e25|2.311] 670 .85 .781 .157 - .851 .58 507 .4R0 T
86| .858[1.180(1.435|1.0@5 [1.765(1.92% [2.041 [2.148|2.240|2.32¢ | .#20 . 895 .883 843 .£80 503 AT 539 281 .183
80| .aanliieex|iidmeliiana|iimil1 oud 2,008 2,180 2 40 2. x08] 890 .628 597 LE58 e 372 28l .1a7 RTT -.001
98| .or7|1.283|1.492|1.678|1.051]1. 900 [2.080 0. 168|2.049]2.325] .82 ,884 513 et s .250 181 . -. - 148
1.00| .94s|1.e79)1.508]1.696(1.048[1.080[2.074 (2. 2640 .04k [2.824| 818 .502 434 343 243 .138 034 -.070 -.172 -7
y.06| .98a]1.203!1.856(|1.713|1.055|1.973 [2.072 [2.188|2.238(2.308 | .470 4t .359 257 .48 X -.071 -.178 -.281 -.380
1,20 .e91|1.3ed (1851|1724 1,061 ]1.973 [2.067 [2.147|2.218]2.278 | 444 .5a8 290 .17a .06¢ -.053 .t -2 -.578 -.475
1.16|1.012]| 1,342 |1.585]1.751 |1.862(1.966 |2.086 [2.131|2.198| 2. 251 | .410 L5580 225 105 -.016 -133 - 246 -.364 - 488 -.582
1.20(1.052]|1.387)1.574|1.738 |1 -850 (1.960 [2.0¢2 |2.112]0.171|2.221 | 378 .2a8 .188 .038 -.088 - -.318 —dPd -.B34 -.817
1,28|1.080(1.370(1.801[1.738 1 2.1 239 .109 -.0a3 -.149 -.280 -.380 - 404 -.530 -.670
1.3002.0a7]1. 30 )2 man 1 T2 e 2 196 05T -.078 -.208 -.523 - A33 -.533 -, 807 -.m2
1.386|1.082|1.390(1.%07|1. 727 0181, L164 .010 -.127 -.ak4 -37 -A77 - 574 -.583 - T
1.40|1.008|1.207|1.8a8|1.720[1 1.806(1.8 118 -.033 -.171 -.297 -1l - 814 -.60T -.891 -.788
1.46/1.108|1.402|1.88¢]1.720(1.805|1.874 |1.950 [1.078[2.010(2.042 | .283 079 -.072 -.&10 -334 - 4dE -.B4d -.633 -.712 -.183
1.50[1.119|1.4¢8]1.879|1.699|2.788| 1. 081 [1.005|1.043|1.97¢|3.002| .208 048 -.108 -.245 -.368 -ATS -.g68 -.881 -.728 -.782
1.55|1.120]1.408|1.875|1.60€ (1 787[ 1,827 1,874 1,811 |1.939| 2. 082 | .184 016 .40 -.276 -.303 -1496 - .55 - 684 - 733 -84
1.80|1.157(1.408|1.885|1.671 1.748|1.502|1.844 |1.877|1.00a| 1.925| .161 -.013 -.1ea -1301 -ALs -.E13 -.593 -.678 -.T38 -.703
1.65|1.148/1.408]|1.566|1.686(1.726)1.7768|1.814|1.843|1.8686/1.885| 130 -, 039 -.193 -, 523 - 435 - 828 -.8508 -.874 =T33 =-.784
1.70|1.181(1.402] 1.545) 1. a3 [1.705| 1. 748 |1, 784 ]|1.609 |1 629 1. a44 | .118 -.083 -.28 - 342 -7 -.B38 - 810 -.873 -1z -.718
1.75|1.187|1.298) 1.858|1. 820 1,891 [ 1,702 |1. 755 |1. 778 1. 798| 1. 808 | .0B8 -.085 -.a36 -.357 -.480 -84l -.810 -.888 -717 - 759
1.80]3.181]|1.364| 1,525/ 1,808 |1,058( 1,685 |1.725(1.743|1.767| 1. 780 .061 -4 -.252 -.570 - A3 -.B43 - 807 -.880 -.708 Lima
1.e5|1.168|1.288|1.810| 1. 808 [1.854|1 886 |1 892 |1.720|1. 725 1. 730 | 064 -1 -.286 -.378 - 48D -.B42 -.801 - 84§ -.880 -.725
1.90|1.168]1.382| 1. 498|1 .08 1,801 |1.641 |1 685]1.670{1.480] 1. 096 | 048 -.137 -.218 -.288 - 471 -.538 -.893 -.837 -.813 -.102
1.o8|1i170{1.370| 1 ama|1 eie (1 607|1 614 |1 055 [1. 048]0 6651 s82] .033 151 -.287 -.350 -0 -.B33 -.582 -.822 iy -.830
2.00|1.171] 1,387 1.487|1.528]|1.584|1.58a1.804[1.618|1.625 1.628| .019 -.163 -.208 -.392 - 687 -.528 -.870 -, 808 -.634 -.857
2.08|1.172] 1.368] 1.452(1.507|1.540|1 .56 1.578[1.586(1.698| 1.596 | .00% -174 -.301 -.293 - 483 -.518 -.588 -.5as ~.813 -.8355
2.10|1.171| 1.340]1.457|1.407|1.517|1.657 [1.545|1.687| 1. 50| 1. 506 |-.006 -.183 -.308 -.392 - 483 - 508 ~BA2 -.870 T -. 808
2,18} 1173 1.540) 1. 422(1.488(1.495|1.51a [1.622|1.5699]1.555| 1.536 |-.017 -9 -.307 -.388 -k - 493 -.628 -.G61 -.870 -.585
2.20|1.170|1.330| 1.407|1.448|1.475|1.487 1.498(1.202( 1,505 1,806 |-, 027 ~.196 -.508 -.388 - o -.480 -.510 -.5%2 ~.E4B -.531
.26 1.188| 1,330  1.391|1.400)1.451] 1 .484 [1.472[2.470]1.478 1.479 |- .058 -.801 -.507 -.319 - A30 - 408 -.495 -.612 -.E88 -.557
.50|1.188] 1.31001.378(1.410|1.430| 1 .441 [1.447(3.450[1.452( 1.483 |-.048 -.208 -.208 -.373 -i419 -.482 - ATE -a02 - 504 -.513
2.3511,784] 3 200l 1 28103 (spal1.400f 1 42001 40413 . 4281, 428] 1 400 |- 082 -.808 -.303 - .588 -.408 - 437 ~.488 —ATR -.48% - 490
2.40|1.181| 1200 1.348] 1,574 [1.369| 1,357 |1.401]1 . 405 1. 404 1. 404 |- 08D -.308 -.289 -.387 -.508 -.a22 -.440 - 453 - 4EL - k87
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TABLE II. - Conoluded. VALUE3 OF P, AND PJ

n Bp | Bx | Py | P | By | P7 | Pg [ Pg | P10 | P L Py Pl Py By P4 P4 Py o
2.48 1.276) 1.551{1.358]1.569) 1.576] 1.380{1.301[ 1.581( 1.381|-0.065| -0.210 [-0.265 |-0.348] -0.383 |-0, 407 -0. 422 |-0.433 [-0.440[ -0. 448
£.50 Tioea] 1.318| 1 555| 1. %60 1.358] 1.358|1.560] 1.580| 1.568| —.070| ~.210| -.290| -.339] -.571| -.%91| -.408| -.414| -.420| -.424
2.65 1.e8a 1 1.322| 1,232 1.337| 1,339 1.340| 1 539} 1 539 | —.076| -.208| -.284 | -.329| -.288| -.376| -.2e8| -.395| ~.400] - 403
2.60 1.248] 1.288| 1.308| 1,518 1.510| 1.300|1.300| 1.520| 1,519 -.079| -.207| ~.2708| -.318| -.548| -.%e1| -.371| -.377( -.381| -.2e3
2.a8 1337 1.874| 1.260| 1.000| 1,501 1.302|1.302| 1.301| 1,500 | - 08e| -.z08| 1271 | - %08 -.3Z1| -.346| -.364] ~.269| -.382| -.383
2.70 1.227 1.201|1.275| 1.202| 1.284! 1.208|1.2084| 1.264| 1.285 | -.cem| —.z02 | —.2es| -.ce8] -.s18] -.330| -.338| - 32| - 304] - 245
2.75(1 1.817| 1.846|1.281| 1 268| 1.260] 1.268|1.288| 1,287/ 1.268| -.087| -.189 | -.a6a | ~.287| -.%06| -.516| -.3e2| -.325( -1328| -.307
2.80 1.207| 1.238| 1.2¢8| 1.261| 1.263| 1.263)1,253| 1.251| 1.250| -.089{ ~.188 | -.248| -.876| -.292| -.201| -.%06| -.209| -.210| -.510
2.85 Y.100| 1.223| 1.253|1.237| 1.2%8| 1.2%6|1.237| 1.238| 1.236| -.090| ~.101 | ~.240| ~.268| -.200| -.2687| -.281| -.295 | -.2B4| -.293
.90 Y 1oe| 1.211|1.220| 1.225| 1.204| 1 23| 1 .208| 11222} 1,201 | ~.080| ~.167 | ~.a%2 | -.266| -.267|.~.@74| -.277| -.278| -.278| -.278
2.95 1.170| 1.200|1.207| 1.210] 1.210| 1.210|1.000| 1.208| 1.207| ~.081| -.182 | -.225 | -.244| -.265] -.260] -.263 | -.264| -.264| -.263
5.00 1,170 1.188|1.192| 1.108| 1.106| 1.107| 1.196| 1.105 1,104 | <091 | —.177 | -.215 | ~.234] -.243| -.247! -.249| -.280 | -.249| -.249
.10 10163 1.788| 1.178{ 1.174] 1.174] 1017410172 10170 10171 | —i090| - 188 | -.288 | -,215| -.220| -.225| ~.2p4 | -.224| -.225| -.202
3.20 1.137]2.148|1.158|1.164| 2. 163| 1. 182]1,151] 17161} 1 250 ~i0a7[ -.1%5 | - 182 | -.195| -.158| -.200| -.20L| -. -.199| -.1p8
5.3 1120 1 132|1.154| 1.1%s| 1. 54| 1,123 |1 5% 1.152| 1,151 | -.084| -.145 | -.188| -.178] -.178| ~.179| ~.178 <1178 -.177| -.17a
3.40 1.108 1,118 1,128} 1.228] 1.127] 1.118)1.126] 1.215] 1224 | -.000| -.1%e | -.150| -.187| -.280] -.200| -.189| -.189 | -.188] -.187
3.80 y.086|1.102| 1,108 1.108[1.102| 1301|1103/ 1 100 1.100 | -.07s| - 121 | - 138 | -.141| ~.142| -.142| 142 | -.141 | -.140( -.229

60 1.084| 1.089|1.090| 1 080| 1,089 1.008]|1.0a7| 1.087| 1.06a | --071| -.110 | 1122 | -.128| -.127| -.126| -.128 | -.126 | -.124| -.123
1,70 1.073| 1.077|1.078] 1.077|1.077| 1.076|1.076| 1.078| 1 078 | -.06&| -.089 | -.209 | ~.113] ~.112| -.112| -.111| -.110 | -.108| -.109
5.80 1,061 1.067|1.087{1.087| 1.068]1.088|1 088 1.085|1.085| -.081| -.088 | ~.097 | -.0Ba| ~.080| -.088| -.098 | -.087 | -.098| -.088
5.80 1.086|1.088|1.058| 1.088] 1.087|1.087|1.086| 1.088|1.088 | -.088| -.080 | -.086 [ -.087| ~.087] -.087 -.o84
4.00 1.048| 1.060|1.080|1,048| 1.048| 1 048 {1 048] 1 048| 1 048 | ~.081| ~.071 | -.07a [ -.077| -i078| -.078 -.074
.10 1,041 1,045 1 045! 1 040! 3 oanl 2 i0an |1 l0ar Tioar  Tioan | —ioam] Jlosm ) _loe7 | —lcey! -l087) -l0se - 064
4.20 1.035|1.03¢| 1088|1058 1.038| 1 028 | 1035 1.035| 1,036 | ~.041| -.c8s | -. ~.0sa| -.oa | -.0%8 -.CB8
150 1.0%0/ 1,051 1.033|1.031|1.0%0|1 050 |1.0%0| 1 050 1030 | -1037| -i049 | -.081 | -lom| -. -.0BO ~i049
4.40|1.021|1.026| 1.028| 1.028| 1.,028| 1.028] 1,005 |1.026| 1.005| 1.008 | -.035| -.042 | -.044 | .0tk | -0k | ~.083] -.043 [ -.0a5 | 042 -.0a2
1.50|1.018| 1.082|1.022|1 0221 con| 1 022|1.020|1.021| 1.001| 1021 | -.029 | -.087 | -.038 | -.0%8| -.038 | -.057| -.037 [ -.037 | ~.037| -.0%6
1.50|1.015|1.018|1.019|1.018|1-018|1.018{ 1 018 |1.016| 1 018|1.018 | -. Z.oxe | -.0%% | -ioxs} -.0%2 | -.0%2| -.032 [ -.0%2 | -.0m1| —.0%1
+.70|1.013| 1.018| 1.018|1 018 |1 015|1 018|018 |1 0158|1018 1,018 | —.022| ~.027 | -.028 | -.028| -.028 | -.027| -.027 | -.0&7 | -.027| -.027
1oeo|1i011| 1i01s| 1 018 1 018 |1 0nn[ 1 01m| 1 015 |1 .015| 1018|1005 | —i019 | —.0as | .04 | ~.024| -.023 | -.025 | -.025 | -.0p3 | -.023 | -.023
4.90]1.008|1.011)1.012l1.011]1.012]1.011]1.020]2.010(1.010|1.000 | -.018] ~.020 | -.020 | ~.020| -.020} ~.ce0| -.cp0 | -.000 | -.019]| -.009
% 00| 1 008| 1 00a| 1 008 |1 0ce|1.008|1.000 | 1,008 |1.005|1.008]1.009 | —.014 | -.017 | -.017 | -.017| ~.017 | -.027| -.017 | -.017 | -.018| -.C18
5.10|1.008| 1.007| 1.007|1 0017|1007 |1 007 |1 007 1,007 1.007|1.C07 | —-012 | -.014 | -.0V4 | -.014| -.004 | ~.024 | -.014 | -.0)4 | -.014 | -.024
5.20|1.008| 1.008] 1.c05!1.006|1.008| 1.008|1.008 |1.006|1.008|1 008 | -.010 | -.012 | -.012 | -.012| ~.012 | -.012] -.012 | -.022 | -.0l2]| -.022
5.20|1.004| 1.005|1:005|1.005 |1 .00%|1.006|1.008 [1.00% |1.008|1.008 | -.009 | -.010 | -.010 | ~.010| -.010 | -.010| -.010 | -.010 | -.010 | -l010
£.40|1.00¢]1.00¢[1.004]1.004]1.004]1.0041.004 |1.004]|1.004|1.004 | -.c07 | -.c08 | -.c08 | -.con| -.008 | -.008| -.008 | -.008 | -.008 | ~.c08
5.50|1.003| 1.0035| 1.005 |1.008|1 008 |1 005 [1.00% |1 005 |1 002 |1.003 | -.c08 | —.007 | -.007 | -.c07| -.007 | ~.007 | -.007 | - 007 | -.007 | -.007
= B0]1.002| 1.003| 1.005(1.,005]1.008 1,008 1,005 |1,005|1.005]1.005 | ~.005 | -.008 | ~.006 | ~.008| =.008 | =008 | =008 | ~.008 | ~.008 | -.008
5.70|1 002| T.002| 1 002 1,002 |1 00211 002 |1.602 [t 0021 002 |1 002 | ~.004 | -.005 | -.co8 | -.008 | -.006 | -.006 | -.006 | -.006 | -.008 | -.c05
5.80|1.002| T o02| 1,002 |1 002 |1 002 |1 002 1,002 [1.002| 1,002 |1 002 | -.005 | 1004 |—.C0L | - 00| —1004 | ~i004 | --004 | -.004 [ -l004 | -.c04
5.80(1.001]1.001|1.001(1.001|1.001]1.002 |1.001 |1.001]1.001|1.001 | -.008 | -.003 | -.co8 | -.005| -.005 | -.008 | -.003 | -.003 | -.003 | -.c03
&.00|1.001]1.001]|1.c01 [1.001 |1 001[1.001 |1.001 |1 001 |1 001 |1 001 | —i00a | Z 002 | -.002 | -.002| -.002 | -lc0z [ -ic02 | -lc0= | -ic02 | - 002
5.10|1 0601|1001 1.001 |1.001 |1 .001[1.001 |1.001 |1 00t |1 001 |1 001 | --00a | -.C02 | -.002 | -.002| -.002 | ~.002 | -.002 | -.002 | -.002 | -.00%
a-20|1.001|1 001 1.001 (2 001 |1 001 |1 001 |1.001 |1 001 |1 001 1 001 | -i001 | ~ 002 | -.60e | -Zcoz| -.002 | -.002 | -.002 | -.c02 | -.002 | -.002
5.30]1.000| 1.000| 12000 |1.000|1.000|1.000 1000 |1.000{1 000 |1.000 | =Jco1 | -.001 | --c01 | -.c01{ -.001 | -.001{ -.001 | ~.001 [-.001 | -.001

0 o o o o o o o
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‘PABIE III. - VALUES OF Ji

n Ja J2 I3 Ja Js Je J7 Jg Jg J10

0 4.270 | 6.617 | 8.607 | 10.390 12.032 | 13.569 | 15.023 | 16.410 | 17.741( 19.02¢
.05 4.217{ 6.446 | 8.373 | 10.120| 11.626 | 13.132 | 14.518 | 15.783 | 17.048| 18.253
.10{ 4.125 | 6.323 | 8.160 9.786 | 11.292 | 12.677 | 13.972 | 15.206 | 16.381 | 17.525
.15 4.035 | 6.163 | 7.93 9.496 | 10.901 | 12.226 | 15.451 | 14.616 | 15.720| 16.784
.200 3.975 | 6.023 | 7.710 9.200| 10.541 | 11.775 | 12.945 | 14.044 | 15.058 | 16.052

.25 3.902 | 5.868 | 7.514 8.904 | 10.189 ] 11.347 | 12.434 | 13.446 | 14.422 | 15.337
.30] 3.825 | 5.723 | 7.269 8.614 | 9.809| 10.914 111.928 | 12.882 | 13.775| 14.628
351 3.744 | 5.577 | 7.049 8.322| 9.459| 10.491 [ 11.438 | 12.325| 13.159( 13.943
40 3.675 | 5.431 | 6.839 8.045| 9.114 | 10.078 [10.967 | 11.788| 12.556 | 13.272
.45/ 3.603 | 5.290 | 6.630 7.768] 8.772| 9.870 [10.500 | 11.257| 11.967{ 12.630

.50{ 3.533 | 5.149 | 6.427 7.500| 8.440| 9.278 |10.044 | 10.750| 11.395( 12.004
.55(3.459 | 5.010 } 6.222 7.236| 8.113| 8.897 | 9.604 |[10.251| 10.849( 11.402
.601 3.388 | 4.876 | 6.022 6.977| 7.796| 8.525 | 9.178 | 9.772| 10.314 | 10.817
.65 3.319 | 4.744 | 5.830 6.721 | 7.487| 8.160 | 8.764| 9.307| 9.804| 10.263
.70{ 3.252 | 4.610 | 5.641 6.477| 7.193| 7.814 | 8.366 | 8.862| 9.315| 9.729

.75 3.185 | 4.482 | 5.453 6.238| 6.902| 7.474| 7.982 ) B8.437| 8.848| 9.218
.80/ 3.117 | 4.356 | 5.274 6.006| 6.622| 7.151 | 7.616 | B8.028| 8.398| 8.730
.85} 3.053 | 4.234 | 5.098 5.782| 6.351| 6.838 | 7.262 | 7.633| 7.970| 8.269
.9012.986 | 4.113 } 4.923 5.562| 6.090| 6.538 | 6.921 ] 7.26)| 7.560} 7.829
.95/ 2.924 | 3.996 | 4.758 5.354 | 5.839| 6.247 | 6.598 | 6.904| 7.172| 7.414

1.0042.859 | 3.878 } 4.597 5.149| 5.598 | 5.970 | 6.289 | 6.562| 6.804| 7.017
1.05/2.798 | 3.767 | 4.412 4,952 | 5.363! 5.704 | 5.993 | 6.239| 6.456| 6.644
1.10) 2,738 | 3.658 | 4.285 4.763| 5.142 | 5.451 | 5.711 | 5.932( 6.122} 6.288
1.15/2.678 | 3.551 | 4.141 4.580 | 4.927| 5.208 | 5.440 | 5.639( 5.808| 5.956
1.20{2.616 | 3.440 | 3.990 4,398 4.712 4.968 | 5.176 | 5.354| 5.503| 5.630
1.25/2.564 | 3.345 | 3.860 4.236 | 4.524 | 4.756 | 4.944 | 5.100| S5.232) 5.345
1.30,2.509 | 3.248 | 3.727 4,073 | 4.336 | 4.546 | 4.713 | 4.854| 4.969| 5.068
1.35|2.454¢ | 3.153 | 3.600 3.918| 4.158 | 4.344 | 4.496 | 4.619! 4.721| 4.805
l.40{2.402 | 3.062 | 3.476 3.770 | 3.987| 4.155| 4.289 | 4.396 | 4.486| 4.559
1.45/2.350 | 2.971 | 3.359 3.626 | 3.823 | 3,974 | 4.092 | 4.188| 4.266| 4£.330
1.50/2.299 | 2.886 | 3.244 3.490| 3.669| 3.802 | 3.909 { 3.992| 4.059| 4.113
1.55|2.250 | 2.802 | 3.134 3.360 | 3.521| 3.640 | 3.734 | 3.808 | 3.864| 3.909
1.60/2.200 | 2.721 | 3.028 3.234 | 3.379 | 3.487 | 3.568 | 3.632| 3.680| 3.721
1.65[2.154 | 2.643 | 2.927 3.116 | 3.245| 3.341 | 3.413 | 3.467| 3.511( 3.543
1.70]2.108 | 2,567 | 2.831 3,00L| 3.118 | 3.203 | 3.267 | 3.313| 3.349 | 3.377
1.75|2.064 | 2.496 | 2.738 2.894 | 2,999 | 3.072 | 3.127 | 3.168 | 3.199| 3.222
1.80[2.020 | 2.425 | 2.650 2.789 | 2.885} 2,949 | 2.998 | 3.032; 3.057| 3.076
1.85/1.978 | 2.357 | 2.564 2.692 | 2.775| 2.833 | 2.874 | 2.904 | 2.926 | 2.941
1.90/1.938 | 2.293 | 2.482 2,597 | 2.673| 2.723 | 2.759 | 2.784 | 2.802| 2.814
1.95/1.898 | 2,231 | 2.404 2,508 | 2.575| 2.619 | 2.650 | 2.671 | 2.685| 2.696
2.00/1.859 | 2.171 | 2.329 2.423 | 2.483| 2.522 | 2.547 | 2.566 | 2.577| 2.585
2.,05/1.821 | 2.112 | 2.258 2,344 | 2.395| 2.409 | 2.451 | 2.466 | 2.476 | 2.482
2,10,1.785 | 2.056 | 2.190 2.267| 2.312 | 2.343 | 2.360 { 2.373 | 2.381| 2.386
2.15/1.751 | 2.004 | 2.126 2,195 | 2.235 | 2.261 | 2.276 | 2.286 | 2.292 | 2.295
2.20[1.717 | 1.952 | 2.065 2.125| 2.162 | 2.183 | 2.196 | 2.205 | 2.209 | 2.210
2.25/1.684 | 1.903 | 2.005 2.060 | 2.092 ! 2.111 | 2.121 | 2.128 | 2.131 | 2.132
2.30|1.652 | 1.856 | 1.950 1.998 | 2.026 | 2.042 | 2.050 | 2.055 | 2.058 | 2.059
2.35[1.622 | 1.812 | 1.897 1.940| 1.964 | 1.976 | 1.985 | 1.988 ]| 1.990 | 1.990
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TABLE ITI. - Concluded. VALUES (F J:L
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TABLE IV. - VALUES OF H;
n B Hp Hy Hy Hy Hg Hy Hg Hy HBo
0 ) 0 0 0 0 0 0 0 0
05| .053| .os0| .122| .151) .176| .201| .224| .245| .268| .286
20 104 .177| .238| .292| ..3a2| .388| .431| .472| .s511| .549
a5 | .151| .257| .345| .423| .493| .s59| .e20| .678| .733| .786
20| .198| .334| .446| .545| .632| .716| .793| .86 | .934| 1.00
.25 | .240] .404| .539| .e56| .761| .858| .949|1.033|1.114| 1.190
.30 | .281| .470| .e24| .78 .877| .987|1.088|1.183|1.273| 1.357
.35 | .319| .s32| .703] .851| .983 |1.103|1.213| 1.316 |1.413]| 1.504
40| .355| .s88| .775| .935{1.077 |1.205|1.323| 1.432 | 1.534| 1.629
451 .389| .e41| .s41|1.011{1.161|1.295|1.419| 1.532|1.638) 1.737
50| .420| .688| .900|1.078 |1.234 | 1.373 [ 1.500| 1.617 {1.724 | 1.825
.55 | 4491 .732| .953|1.138[1.298 |1.441|1.570| 1.688 |1.797| 1.898
.60 | .475| .770| .998| 1.188 [ 1.351 [1.496 | 1.626 | 1.744 [1.852] 1.952
.65 | .500| .807|1.041|1.233|1.398 |1.543}1.673|1.790 [1.897| 1.996
.70 | .s22| .837|1.076{1.270|1.436 |1.580 [ 1.708 | 1.823 |1.923| 2.024
.75 | .543| .e65|1.106| 1.301|1.466 [1.608|1.734| 1.847 [1.949 | 2.041
.80 | .560| .888|1.131]1.325|1.488 |1.628 [ 1.751|1.860 |1.958| 2.046
.85 | .577| .909 |1.152| 1.344 [1.504 | 1.641|1.760| 1.865 [1.959| 2.043
.90 | .591| .926|1.167|1.357|21.514 {1.647|1.761| 1.862 |1.951| 2.031
.95 | .603| .939|1.178| 1.365|1.517 | 1.645|1.755] 1.851 | 1.935| 2.011
1.00 | .613| .949 |1.186 1.368 | 1.516 [ 1.639 | 1.744 | 1.834 | 1.914 | 1.984
1.05 | .622| .957|1.190| 1.367 | 1.509 |1.627 | 1.727| 1.812 | 1.887| 1.952
1.10| .629| .962 |1.189| 1.362 {1,499 |1.611|1.705| 1.785 | 1.854 | 1.914
1.15 | .634| .964 [1.187|1.353|1.484 |1.590|1.678 | 1.753 | 1.817| 1.873
1.20| .638| .963|1.180|1.341|1.465|1.566|1.648| 1.718 |1.780] 1.827
1.25 | .640| .960|1.171|1.325|1.443|1.538|21.615}|1.679 [1.733| 1.779
1.30 | .642| .956 |1.160| 1.307 |1.419 |1.508|1.579| 1.639 |1.688| 1.730
1.35 | .641| .949 |1.146( 1.286|1.392 [1.474|1.541]1.595 [1.640| 1.677
1.40 | .640| .941 |1.130| 1.264 |1.363 |1.440|1.501 | 1.550 |1.591| 1.624
1.45| .636| .929 |1.112|1.238|1.331 {1.402|1.458| 1.503 |1.540( 1.570
1.50 | .632| .918|1.092|1.212|1.299 |1.364 | 1.416| 1.456 |1.489 | 1.515
1.55 | .624| .901|1.068) 1.181|1.262 |1.322|1.369 | 1.406 |1.434 | 1.457
1.60 | .620| .889|1.048]1.154|1.229 |1.285|1.327( 1.360 [1.385| 1.4086
1.65 | .613| .873[1.024(1.124 |1.193|1.244|1.282| 1.311 [1.334] 1.351
1.70| .e05| .856|1.000| 1.093]21.157 |1.203|1.238) 1.263 |1.283| 1.298
1.75 | .596| .838| .974| 1.061|1.120|1.161]1.192|1.215 |1.232} 1.245
1.80) .586| .819| .948| 1.028|1.083|1.120|1.148|1.168 |1.182] 1.193
1.85| .576| .799| .921| .996|1.045|1.079 | 1.103 | 1.121 |1.134| 1.143
1.90| .565| .779| .893| .962 |1.008 |1.038|1.060| 1.075 |1.086 | 1.093
1.95| .554| .759| .s66| .930| .971| .998) 1.00.7| 1.030 |1.039 | 1.046
2.00| .s41| .737| .837| .e96| .93a| .958| .974| .986 | .993| .998
2.05| .528| .715| .809| .se4| .897| .919| .933| .943| .o49| .953
2.10| .515| .e93| .781| .83 | .se1| .s81| .s92| .so1| .sos| .s09
2.15| .so2| .e71| .753| .799| .826| .sa3| .853| .se0| .ss4| .866
2.20 | .489| .e49| .726| .767| .792| .s06| .s15| .s21| .s24| .825
2.25 | .474| .e26| .s97| .735| .757| .770| .777| .782 | .784| .785
2.20| .460| .e04| .670| .704| .72¢| .735| .741| .744 | .746| .747
2.35| .447| .583| .644| .e75| .e92| .700| .707| .709| .711| .71

29
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TABLE IV. - Concluded. VALUES OF Hi

n H Hz - H3 Hy Hs Hg Hy Hg Hg Hipo

2.40 |0.432 | 0.560 | 0.617 | 0.645 | 0.660 | 0.668 | 0.672 | 0.674 | 0.675 |0.675
2.45 | .418| .539| .591| .616| .629 | .636 | .640| .641 | .641 | .641
2.50 | .403| .517| .575| .588| .599 | .605| .608( .609 | .609 [ .608 @
2.55 | .389 | .496| .540| .560| .570) .575| .577| .578 | .577 | .577 @
2.60 | .375| .476| .516 | .53¢| .534| .547 | .548| .548 | .548 | .547 =~
2.65 | .360| .454| .491| .s507| .515| .518 | .519| .518( .518 | .517
2.70 | .346 | .434| .468| .482 | .489 | .491 | .492| .491 | .491 | .490
2.75 | .332| .415| .446| .459| .464| .466| .466| .466| .465| .464
2.80 | .z18| .395| .423| .434| .439| .4a1| .441] .440| .439 | .438
2.85 | .305 | .377| .s02| .402 | .416| .417| .417| .416 | .415 | .414
2.90 | .292| .359| .382] .391( .394| .395| .394| .394 | .393| .392
2.95 | .279| .341| .362| .369| .372| .372| .372{ .371| .370 | .369 .
3.00 | .266| .324 .343| .349| -.352 .352| .351| .350 | .349 | .348
3.0 | .241) .2001| .306 | .311| .322| .3:2| .312| .311| .310| .309
3.20 | .218| .261| .273| .277| .278| .277| .276| .275| .275| .274
3.30 | .196 | .223| .243| .245| .246| .245| .224( .224 | .243 | .242
3.40 | .175| .206| .24 | .216( .216| .215| .214| .214| .213 | .212
3.50 | .156| .182| .189| .19 .10| .189| .188| .188| .187 | .187
3.60 | .139| .161( .166| .167| .166| .166 | .165| .164 | .164 | .163
3.70 | .122 | .40 .144| .145( .144| .144 | .143| .143( .142 | .142

3.80 | .108| .123| .126 .126 .126 .125 | .125 J24 | 124 | 124
3.90 | .0%4 107 .109 .109 .109 .108 108 | 107 .107 | .107
4.00 | .082 .092 094 | .094| .093| .093| .093| .092 | .092 | .092
4.10{ .07L{( .079} .081|( .081( .080| .080| .080| .079 .079 .079
4.20 | .08L| .068 .069 .069 069 .069 | .068| .068 .068 | .068

4.30 | .053| .058| .059 .059 .659 .058 | .058| .058 | .
4.40 | .045| .050| .050| .050| .050| .050 | .049 .049 .049 | .049
4.50 | .038| .042| .042| .042| .042| .042 .042 LO41 | L0041 | L041
4.60 | .033| .035| .036 .035| .035| .035| .035| .035| .035 | .
4.70 | .029 .031 .032 031 .031) .031| .031| .031| .031 | .031

4.80 | .023| .025| .025| .025 0251 .025 .025| .025( .025 | .025
4,90 09| .021} .021| .021| .021| .021 | .021| .020{ .020 | .0Z20
5.00 | .016 .07 .0rx7{( .027| .0L7| .0 7| .017| .OL7{ .017 | .OL7
§.10 | .012 .014 014 | .014| .014| .014 | .014 014 014 | .014
5.20 | .011| .0i2 .012 | .012 .012{ .012{ .012| .0l2 .012 .0l2
5.30 | .009 .010| .010| .00} .O10] .010| .010| .010]| .010| .OlO
5.40 | .008 .008 .008| .008| .008( .008| .0O08| .008 | .008 | .008
5.50 | .0068 | .006 .006 .006 .006 .006 .006 .006 .006 .006
5.60 | .005| .006( .006 | .006] .006| .006 .006 .006 .006 | .006
5.70 | .004 | .004 .004 | .004 004 004 L004| .004 | 004 | .004
5.80  .004| .004] .004| .004 004 | 004 004 | .004& | .CO4 | .004
5.90 | .002 .002 .002 .002| .002{ .002 | .002 .002 | .002 | .002
6.00 | .002 .002 .002 | .002 .002| .002 .002 .002 | .002 | .002
6.10 | .002 .002 .002 .002| .002| .002| .002 .002 | .002 | .002
6.20 | .002 | .002 .002| .002| .002| .002| .002 .002 | .002 .002
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Figure 1. - Coordinate axes for flow over surface.
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Figure 2. - Streamline pattern as system of translates.
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Figure 11. - Smoke-flow visualization of main streamline in 60°~turning rectangular

bend.
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Filgure 12. - Smoke-flow visualizetion of limiting {n = 0) orogs-chamnsl deflectlion of boundary layer. Theorstical
prodictioms shown as dotted lines.
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Figure 12. - Concluded. Smoke-flow visualization of limiting (q = 0) cross-channel
deflection of boundary layer. Theoretical predictions shown as dotted lines.
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Figurs 15, - Smoke-flow visualization of limiting deflectlon of oross-chammel thin-
boundary-layer flow.
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Flgure 13. - Contimied. Smoke-flow visualiration of limiting deflection of oross-
chammal thin-boundary-layer flow.
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(c) Dovnstream view of boundary-layer streamline
near midchannel at inlet. ,

Filgure 13, - Concluded. Bmoke-flow visualiration of limiting deflection of cross-
chammel thin-boundery-layer flow.
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Figure 14. - Velocity profiles of n*
flow (eq. (26)).
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Figure 15. - Veloclty profiles of n* and +t* for thin-boundary-layer
flow (eq. (27)).
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Main-flow streamline, z = £(x)

Figure 18. - Resolution of velocities into components normal and
tangential to main flow.




